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I. The infinite square well

Suppose that the sides of the finite square well are
extended to infinity:

It 1s a simplified case of the finite square well. How

they differ:

Finite case

(1) Since V is not infinite in Regions 1 and 3,
it 1s possible to have small damped v there.

-VO

Infinite case

Since V is infinite in Regions 1 and III,
no y can exist there. y must terminate
abruptly at the boundaries.



Finite case Infinite case

To find the y’s use the boundary The abrupt termination of the wavefunction is

conditions. nonphysical, but it is called for by this (also
nonphysical) well.

Abrupt change: we cannot require dy/dx to be
continuous at boundaries. Instead, replace the
boundary conditions with:

Solve for y in Region 2 only.
Begin with y = Acoskx + Bsinkx

Result: but require v =0 at x =+ a/2. Result:
: 2
W, = Bcosk,x or Asink,x Y, = \/:cosknx (n=13,,...) or
a
. 2 .
(A and B are complicated) \/: sink x (n=2,4,6,...)
a
k = 2mE k = 2mE _nm
h h a
7172 2n2
E is sol'n of a transcendental equation. E = > (n=12,3...)




II. Comment on wavefunctions at boundaries

Anytime a wave approaches a change in potential, the wave has some probability of
reflecting, regardless of whether its E is >V or <V. So consider:

Case 1:
The wave will have some probability to reflect

—> in all 3 cases.

You cannot assume there is no “Be*” in
Region 1 of Cases 2 and 3.
Case 2:

— The way to see this is to work an example: Put
in Ae'** + Be* for Region 1 and see that the
boundary conditions cannot be satisfied unless
B #0.

Case 3: We will have a homework about this.



III. Linear combinations of wavefunctions
Suppose that somehow a particle in a well gets into this state:
u(x)=A sin 4nx/L + B sin 6ztx/L

Questions: (1) What is its W(x,t)?
(2) Is this a stationary state?

Answers: (1) Recall Y=u(x)T(t). Here u=u, + u,, where each u, goes with a
different energy state E, of the infinite square well:

2 242

u,=u(E,) WhereE4:ﬂh >
2ma

222 .2

h°6

u, =u(kE) where E, = d >
2ma

We have to multiply each u. by the associated T, = ¢ """

’h8t m2nl18t
X !

SoY¥ = ASin4—nXe_l ma® Bsin6—e_ ma’
L L




Answer (2): Recall that if ¥ is a stationary state, then Probability density ='W*Y¥ # f(¢).

Here, Probability density =

4 61 Arx ) . (67 : » . (4mx ) . (6mx) .
|A|2Sin2 anx +|B|2sin2 O2L ) ¢ A% Bsin| 222 |gin| 22 |gitatingmitetin L AR s gin| 22X |gin| 22X | griEatih gttt
L L L L L L

J/

1
. . (4mx ) . ([ 67x i(E,~E)tIh | —i(Ey—E)tlh
If A and B are real, this term becomes ABsin T sin T [e SR S ]

'

{
E, —E
2cos(ut)
h

Conclude: the probability is a function of time, so a linear combination of stationary states is NOT

itself a stationary state.



III. Parity

Parity is a property of a wavefunction.

To understand the definition of parity, consider the result of replacing r by -rin a y.

(That 1s "reflect y through the origin.)
3 results are possible, depending on the detailed form of y:

I. v could remain unchanged [y (-x) = y(x)].
Example: if y o< cos(lz -7), it would become cos(l_é : {—7}) = cos(l_é 7).
We say this kind of y has "even parity."

2. y could transform to -y [y (-x) = -y (x)].
Example: If v o< sin(l_$ T)

We say this kind of y has "odd parity."

3. y could become something else that is not £y ...



What determines the parity of v ? The form of the potential V.
The y’s that are eigenfunctions of some Hamiltonian H have definite parity (even or odd) if
V(x)=V(-x). Prove this here:

Assumption #1: Consider some Y that is

2 02
: : -p° d
1. an eigenfunction of H such that — 1/2/ +Vy = Ey
2m dx )
1
Hy =FEy

2. non-degenerate in energy, that is, no other eigenfunction of H has the same E

Assumption #2: Consider a V such that V(x) =V (-x) (thatis, V is reflection-symmetric).
Suppose we rename x — -x
Then H (x)y (x)=Ew(x) becomes H (-x)y (-x)=Ey (-x)
2 2
> 9

But H=— +V(x
2m ox* JJ

unchanged by x — -x due to Assumption 2

So H(x)=H(-x)

unchanged by x — -x in a second derivative
So H(x0)Y(-x) = Ey(-x)



So if y(x) is an eigenfunction of H, then so 1s y(-x).
But we said y(x) is non-degenerate, so y(-x) cannot be independent of y(x).

So y(-x) must = C - y(x) "Eq. 1"
To find C, rename x — -x in Eq. 1.

Eq. 1 becomes

Y(-(-x)) =C-y(x)
NS

H/_/

1 l
y(x) = C-[C yx)]
So C* = +1.

We conclude that there are only 2 possible relationships between y(x) and y(-x)
if Assumptions 1 and 2 hold---given those assumptions, it is impossible for

¥ (x) to bear NO relationship to y(-x).



IV. How to solve the Schroedinger Equation in momentum space: using p-space
wavefunctions.

Message: The Schroedinger Equation, and the states of matter represented by
wavefunctions, are so general that theey exist outside of any particular representation (x

or p) and can be treated by either.

Example: Consider a potential shaped as V(X) CX forx>0
forx <0

Recall the coordinate space Schroedinger Equation: LP; +V(x) }\y =Ey
m

2
Plug in this V : ;; + Cx}y: Ey  (x>0)

Rewrite as: {p_ }\V: 0
2m

3



Convert the equation to p-space:

p2 remains p2

X — +ih—
Jp

v(x)— A(p)

So the p-space form of the Schroedinger Equation is:

2 .
d

L icinl-E A(p)=0. To solve it, multiply through by L.

2m dp Ch

. 2 . .
L N v N B
Ch2m Ch dp Ch

' ? 1 dA
L El|l=—— Integrate:
Adp




. 3
L p——Ep =InA+K Exponentiate, and define K' = e*
Ch\ 6m
i (p’
exp|—| ——-Ep ||=K'A Define K"=1/K'
Ch\ 6m
l p3
A, =K"exp| —| ——E
Index by energy

Normalize the A's AND make them orthogonal (that is, independent): Require

j dpAiA, =S8(E-E")

c [ -ipr i p
|K"2d exp oy 6pm+ChEp}eXp{Ch é?m—ChE'p}dpzﬁE—E')

* [exp L(E—Ejp}dp =o(E—-E")

|Kn

n\C C




1
Recall k:%, so dk = %dp. Then on the lefthand side we have

E—E'
Ak 7% k
\ \ J-exp{z ( - ﬂd

1 o
Recall §(x-x")= — J' e G
27

Identify x=E/C and x'=E'/C. Then on the lefthand side we have
E—-FE' 1
o
2mh \K”\z CS(E — E'). Recall for normalization this must equal the righthand side, §(E — E')
Conclude 27rh\K"\2 =1

27rh\K”\25( ) Recall §(ax)=— 8(x). Here o = é




How to find the allowed energies in momentum space?

Recall that any potential well produces quantized energies. We find them by applying
boundary conditions (BC’s). Usually we have the BC’s expressed in x-space. So we
must either

1. convert BC’s to p-space or

2. Convert A(p) to x-space. € We will do this.

General y(x) = fdkA(k)eikx. Convert k %% and put in normalization.

1 ipx .
Vo) = [ dpA(p)e™. Plug in A(p):

px
v = \/271'71 \/27rhC'|. Pex {[_Ep}_lh}

Apply the BC that y(0) =0

. 3
J-dpex P Epy +i?20.  Usee® =cos@+isinf
Ch\ 6 h




1{p’ (.1 1(p
—| —=-E + —|——Ep ||d
‘[CO{Ch[6m pﬂdp lJ.Sln{Ch (6m pﬂ P
N x J N I J

first
Zero

Airy functions Ai j sin(odd power) =0
i 1
Conclude: Aj-E =0 030 A
" cﬁ-ﬁj : AN
‘ A N
2m )" B AU AUAVIAVH;
/A_,i1 occurs when _E“(szﬁ =-2.338 ARV IAVIRY ! v \)\J \}\/
2 /3 15 ST _; :
Ai, occurs when - EH[CZI;;} =—4.088

etc.

Czhz /3
Invert these to get E, =2.338

2m
240 /3
E,= 4.088[C f j , efc.

2m 115
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[. What to remember from linear algebra

Consider vectors |) and scalars a.
(1) A linear combination of vectors has form a|o) + b| ) + c|y) + ...

(2) A vector |A) is linearly independent of a set of vectors if it cannot be written as a linear

combination of members of the set.

(3) Can represent vector |ot) = q, ‘el> +a, ‘ ez> +..ta, en> by indicating the basis (the el.>) and the
ordered list (ntuple) of components (a,, a,,...,a, ).

(4) Generalize the scalar product to > 3 dimensions. Call it the "inner product." Its symbol:
(Blay=ab, +ab, + ...+ ab,.

(5) Generalize length to > 3 dimensions. Call it the "norm" | = \/{ct| o)

(6) Consider the case where the ‘el.> are orthonormal.

e,

a)={(e|ale)+..+{e,
NELMCLAC

{
Cl<€-

i el>

NI {infi;tl

Then since |o) = q, ‘el> +..ta,

e,)

any a, = (e,

l

ai’l

=1ifi=1



(7) Consider an operator T which transforms all of the basis vectors in a set:
f|el> = Tn|€1>+T21 |e2>+ ot T, en>
f|e2> = T12|el> + T22|ez> +.+7T, en>

A

T en> =T, |€1>+Tzn|ez>+ Wt T

Rewrite this as
;)= Z;T,-j le)
Notice if |o) is expressed in the |e,) basis, then
T|o)y= f;aj‘ej>

Z;%QQ»

= ;ajZTij ¢)

3{37]

e,)

T

;)

so these are the new components a, of the vector ‘OC> in the transformed basis



(8) Notice (el. f‘ej>=<e,- ZTL-J- €j>:<€i le‘el>+<ei T2j‘e2>+”’+<ei I, en)
i=1
=T1j<el. el>+T2j<el. ez>+...
\J
SoT, = <el. T e].>

(9) Consider the matrices

L, 1,
T=| T,




transpose: T = I, .. .. that means:

~

A symmetric matrix has T=T

A Hermitian matrix has 7*=T and is denoted by T"

Since o) is represented by a 1-column matrix of the coefficients a,,, and
(B| is represented by a 1-column matrix of the coefficients b, ;»then

(| B) =a'b

Inverse T is defined such that 7"'T =1.

~

C so 7' does not exist if det T=0.
det T

A matrix is called "unitary" if 7' =T

Note 7' =




II. (10) Eigenvalue equations

Suppose we have a vector |a) and a transformation T .
If |a> 1s written 1n an arbitrary basis, then

f|a> = ....(an arbitrary result)

However suppose there 1s a special choice of basis such that

T|a) = Ala)

special basis

' eigenvalue, just a number

It is interesting to find this special basis because it allows us to predict the following:

If |a) is a wavefunction (such as ) then T is an operator (that is, a measurement

process, such as p, orx, ) then A is the result we would get by making the

measurement.

How to find the special basis:



Given: we want T |a) = A|a) (where A is still unknown in magnitude but definitely just a number.)

Rewrite this as (’AF-),1| a) =0

1 is the unit matrix,

S O =
S = O
_ O O

Recall the definition of the inverse matrix,

M'M=1

Suppose we were able to create (f” — A1) and apply it to both sides of the equation:

(T — A1) (T = A)|a) = (T = A1)'0 =0

Since we know T # 0 and A # 0, then the only way for this to be true would be if |a) = 0.

Suppose we want to consider only cases where |a) # 0.

Then it must be the case that (TA — A1) does not exist.



1
det(T - A1)
So to find the special basis, we must have this det=0.

Write out det (T - A1) = 0, then solve for the A's.
Plug the A's back into T |a) = A|a) to get the |a) for each A.

Notice if we normalize these eigenvectors |a) we can use them as a basis:

o -/

a,)

Recall the definition: (T - A1) =

call them ‘a1>

ﬂa1>=ﬂ,1‘al>

A

T|a,)=A

n

a,)



They will look like :

|

0

0

Then we can write T in this basis:

A 0

0 A,
T =

0 0

0 0

0

We say "T is diagonalized."



III. Hermitian operators

(1) Why do we care about them in physics?

(a) We can always exchange («|T|f) <> <Ttoc‘,3>.

(b) Their eigenvalues are real — They represent measureable quantities.

(c) Their eigenvalues are orthogonal and (in most cases) span the space in which the operator
is defined - - - so we can use them as a new basis.

(d) Their matrices can always be diagonalized — we can always find their eigenvalues.

(2) How can we tell if a compound operator is Hermitian if its component operators are?

. . . 2 ..
(For example : p,, is Hermitian. Is p;, Hermitian?)

Consider A = and B =

First determine what matrix manipulations are allowed:



For any 2 operators (Hermitian or not), show that (AB)" = B'A" :

*y t

Find (AB)' = [ a a ][ b, b, ] [ abivab abi+ab,
a; 4 by, b, ab, +a,b, ab, +a,b,
a b +ab, ab +a,b,
B ab, +ab, a,b, +a,b,
. . e e e SAME
Now find B'A"=| b @ ay | _| ab +ab, ab +ab;
, b, a, a, ab, +a,b, ab, +a,b,
Conclude:

Allowed operation #1: Whenever we have (a product of operators)’, we reverse their

order and take "{" (transpose complex conjugate) of each one separately.



Allowed operation #2: A+ B = B+ A (a usual commutation operation for matrices).

Allowed operation #3: (A+ B) = A"+ B’

To determine if a compound operator is Hermitian, break it into a product or sum of

individually Hermitian operators.

Example: Suppose A" = A
and B' = B

Does (AB+ BA)' = (AB + BA)?
To answer this, deconstruct it:
(AB) +(BA) - B'A"+ A'B" - BA+ AB — AB + BA.

The answer 1s: yes.

} that is, "A and B are separately Hermitian."



III. The connection between Y's and operators and vectors and transformations

Y |
physics math
Notice a formal similarity. Consider :
X, a continuous real variable that can take any A finite set of basis vectors |e i>

one of an infinite number of values on the real

axis.
w(x), ¥'(x), functions (quantum mechanical Vectors |o) and | ) which have "values" (that
wavefunctions) that have value at each x. 1s, components) associated with each (e i>.

o) =ae)+a,le,)+ ..+ a,

e,)
e,)

1B)=b)le,)+b,e,)+...+b,




15

10

Physics Math
The integral The inner product (dot product) of 2 vectors

oo

o*-B=(a|B)=a/b,+ a;b, + ..+ a,b,

= —
Take the product of the value of ¥ and y' Take the product of the value (component) of
at each dx (weight by dx), and sum them. each vector for each basis vector, and sum them.

Conclude: The possible values of x ......are like......basis vectors |ei>
except:

there is an infinite number of these. There is (in this example) a finite number of these.



Physics Math

v is like...... o)
Jvwped L is like...... (o] B
except:
Here we weight by dx. Here we cannot "weight" by ei>.

To make the correspondence more similar, consider vectors |05> that are infinite dimensional.

Notice: all of linear algebra concerns only vectors like |). We are only allowed to use it for y's

(that is, for quantum mechanics) because of this formal similarity between Il// (x)y(x)dx and (c|B)

(when |@), |B) are infinite-dimensional).



Outline

I. Hilbert space
II. The linear algebra — Quantum Mechanics connection, continued
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I. Hilbert space

Vocabulary: A Hilbert space is one that

(1) has an inner product (y \ y')= J Yy 'dx defined for any pair of its elements.

(2) has a norm defined by ‘l//‘ = <1//‘1//>.

(3) is linear, so that if "a" is a constant and y and y' are elements in the space, then so
are ay and y+y'.

(4) 1s infinite-dimensional (or "complete"); contains all functions that satisfy (1)-(3)

for the interval from -oo to +oo.

The reason why we talk about Hilbert space in quantum mechanics is that the kinds of

functions that are defined for it are ones that can represent physical properties of objects
(for example length (norm) or superposition <w‘ v '>) which quantum mechanics describes.

We were making a table of similarities between y's and vectors |a). We continue this now:



Wavefunctions y that we use in Quantum Mechanics

Vectors |OC> which are the subject of linear algebra

By analogy they are called "orthogonal in Hilbert

space" if fl,m//'dx =0.

Are called orthogonal in 3 - dimensional vector

space if (oc|B)=0.

By analogy, the eigenfunctions of certain
Hamiltonians form a basis that spans Hilbert space.
Which eigenfunctions can do this? Ones that are
members of an infinite set, for example the eigen -
functions of an infinitely high square well. (We call
call them the ¢, in analogy to the |ei>.) Notation :
because we are treating the eigenfunctions y, like

basis vectors, let us extend the analogy and make

= \/<(Pi (pi> =1).

them unit vectors (that is, norm

?;

The

ei> span the vector space (for example, these

are X, ¥, and z in 3-D space.



unit vectors

To represent the fact that different y. are { } :"orthonormal",

and orthogonal
we use the symbol 0, : the Kronecker delta.

0 ifi]j
¢j>:6ij= 1 .

ifi=j

(o,

Use the Kronecker delta to describe discrete variables (for example i=1, 2, 3....)
Use the Dirac delta function to describe continuous variables (for example,

k = any real number.)



III. Dirac notation

We will indicate the principal parts of the definition of Dirac notation by *'s.
We have shown that wavefunctions ¥ can be described by linear algebra, which
is the mathematics of vectors |a).

* To emphasize this, rename y as |l// >

To emphasize the similarity between an infinite set of eigenfunctions ¢, and the

basis vectors | ei) ;

?,)-
Since J(pj (x)w(x)dx is similar to (a|f),

* Rename @, as

* Rename pr, (X)W (x)dx as {@,|y) = c,, a scalar constant.



y):

Facts about this inner product <g1)i

(1) The whole item is called a "bracket."

(i1) Its parts are called a "bra" <g0i and a "ket" |l//> The bra is not exactly a vector. It is a function

which, when combined with a vector, produces a scalar.

(111) Note: this is quantum mechanics terminology, not linear algebra.

(iv) Note <(oi ‘ l//> % <l//
R

§0i> : the order in which they appear shows which one is complex-conjugated.

[axpy [axy’e
(v) So (@, |v)=(w.|o) .




Facts about bras:

(1) Notice that if |l//> 1s a column vector, then <l// | must be a row vector in order for their inner product

to be a scalar (c,):

1//)2( o, ©, .. ) v SOV, 0L, + . (a scalar)

(o,

v,
So the bra is the transpose (column — row) and complex

conjugate:

the Hermitian conjugate (symbol: *) of the corresponding ket.

(i1) If some operator Q acts on ‘q)i>, then the equivalent operation for <q)i‘ is

<¢i o'

What this means:

¢,) = A, )s-then
(p.|0" =1 (o,]. Same Al
"or"Q' (¢,|": Order is important.

if A is an eigenvalue such that Q

",

*Do not write "Q <g1)i




Facts about expectation values in Dirac notation:

For normalized v, the expectation value of operator Q is

0= [y*Qydx = (y[o|w).

Recall Hermitian operators are defined by Q" = Q.

So in their case (y|Q|w) =(yw|A|y)=A{w|y)=21

L
Q acting to the right ¥, normalized
and (w|Q'lyo=(w|Aly) = Ay|y) = 4

Q acting to the left
Same result 1;50 conclude:
If the operator is known to be Hermitian, we can

(1) ignore which direction it operates (that is, on the bra or on the ket)
(2) leave off its "™ ".



Outline
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I. The Projection Operator
Facts about expanding y in terms of a basis:

Recall we can expand y in a basis, which here is any complete set of eigenfunctions.

V(X)) =¢,@,(x)+ c,0,(x) + ...

y(x)= Zc Q.(x) Convert this to Dirac notation :
v)=2(0w)e.)
l This is a vector.
This is a scalar.
So they can appear in any order.
‘l//> = 2 §0i><§0i l//> Now reorder them:

l

Notice that this can be true only if this part = 1.

Conclude : 2

i

=1. Very important! We will use this a lot.

O, N0,

Consider ‘(pi><gol.‘ (Without the 2 ) It is called the Projection Operator.



Facts about the Projection Operator :

(1) Because of its structure, it can operate on kets or bras.

Example : apply it to (B].

We get (B|@, (@, =cp,, (@,
a constant

Apply it to ‘O£>.

We get §01><(pi OC> = Cop. (pi>

a different constant

(i1) Notice what the c's are.

Example ¢ =(Bp,) = f B(x)@,(x)dx = the amount of overlap between wavefunctions 3 and ¢..

oo

~OR - B

(If we pretend the 8 and @ are really vectors)

c is the component of 3 in the direction of ¢, . ¢ C S (1}



(iii) So applying (for example) |, }(o,| to (B]:

(B

This transforms the vector <ﬂ‘ into the direction <g0i

0,0, — Cpo, (@

and multiplies it by the projection (component) of <ﬁ ‘ along <goi

to]a):

Similarly applying §Di><§0,~

a}ecwi

PN, ?;)

P,)-

transforms the vector ‘05> into the direction gol.> and multiplies it by the projection of ‘(x> along
This is why it is called the Projection Operator.
(iv) Notice that after we project once in a direction, subsequent projections in the same

direction have no additional effect :

ﬁ> — Cpo, ¢i>

Example : Begin with |, )¢,

Subsequent |, }(¢, Q) =cg, |0N0,|0.)=cs, |0:)

Cﬁ#’i



II. Position representation and momentum representation

Recall that the wavefunctions exist in abstract Hilbert space. To calculate with them, we
must represent them in coordinate space or momentum space.

The goal of this section: to show that “representing y in a space” (for example, position
space) means projecting it onto each of the basis vectors of that space.

To do this we will need 2 things:

(1) the eigenfunctions ("eigenkets") of the

position operator. Call them |x). We get these by solving :
X-space
x|x) = 4,|x)

cigenfunction (not yet determined)

eigenvalue (not yet determined)
position operator

It turns out that there are an infinite number of

X;), so they can serve as a basis for y.



(2) The eigenfunctions of the momentum operator. Call them ‘ pl.>.

We get them by solving p‘ pl.> = A pl.>. Let's represent them in x-space:

0

'iha_pi (x)= Z’ipi (x).
X

This differential equation is solved by

Ik

pi(x): \/%e

and A =hk=p

(Note these are not the ‘ p l.> that are in Hilbert space- they are the ‘ pl.> after they have been
represented in x-space.) Notice also that there is an infinite number of them- one for every

value that k can take in €™ (-o0 < k < +0). So they can act as a basis for y.

Now show that y(x) 1s the same as "y projected onto the ‘xi> basis. To do this, notice

there are 2 ways to write <l// ‘ v ) :



Way #1 Way #2
By definition of the inner product, By using the fact that 2| =1 for any basis set

<1//|l//> = Idxw*(x)w(x) dx (earlier we used the ‘(p) basis):
(wlv) = (wlw)=(w] X Ix)(x]|w)

Because x 1s a continuous variable, it 1S reasonable

to replace 2 with de.

(wlw)= Jdx{y|x)(xly). Nowrecall {o|B)=(Blor) :
= dx(x|y) (x|y)
----Compare the form of the righthand sides of both equations and conclude:----
v (x)=(x|y)

We saw from the meaning of linear algebra inner products that (x|y) is a projection.
So we conclude that y(x) must be a projection too. This is "y projected into the value x, or basis

vector x." Or: "y (x) is the position representation of |l// > at location x."



Now insert into |y) the Y| p)(p|=1 instead of the D |x){x|=1:

w)=2.lp)Xrlv).

Again because p is continuous we convert Z to jdp.

lw) = [dp| p)(plw)

Now take the inner product of both sides with {x|:

(lv) = [dp (g p)(olw)

This 1s y(x). This is Y represented in p-space as "A(p)".
These are the set of transformation coefficients from the | p> basis to the |x> basis.
Since they are integrated over dp, we see that there is one for every member of the
infinite set of | p)'s.
They are the "translation dictionary" between the bases.
Any particular one is the p-space eigenvector, represented in (projected onto) x-space.
| 1

\27mh © \N27h c

ipx/h

We just found out what those are: (x| p) =



Plug in everything to see what it looks like in a space (coordinate space) that we are used to:

(x| p)=[dp (x| p){plv)

y(x) = [dp jﬁfup)

This is the Fourier transform equation, which we already knew as a translation between bases.

We see that the bra-ket notation just expresses it more compactly.



III. Ways to understand the symbol (@|y)

3 equivalent ways :

(1) If | @) is a member of a basis set, then (@|y) is the representation of the Hilbert space object |y)
in the basis |@).

(2) If |y) and |@) are members of 2 different bases, then (@|y) is the coefficient of translation
between the bases.

What this means physically :

(3) If a system begins in state |y), then undergoes a change and ends in state |@), the amplitude for

2

that change to occur is ¢, = (@[y), and the probability for it to happen is lamplitude|” = Kgo‘l//>‘



IV. More tricks with Dirac notation
(1) Consider Jdp <x| p>< p | x‘>. How can we interpret this?
Way #1: We showed earlier that

ipx/h

|
(x| p)=p(x)= o

* 1 . 1 .
Al " = ! — — ipx'/h — —ipx'/h
0 Pl={elp) [x/ﬁe } N

ipx/h 1 —ipx'Ih _ 1 jdpeip(x—x')/h

1
SOJdp<x|p)(p|X'>=fdP—%e hah' 2nh

Vol

We recognizethis as 0(x-x')
Way #2:
Rewrite [dp (x| p)(p|x") = (x| fap}p)ép] ) = (x|
=1
But the vector |x'), projected into the*|x) basis, has overlap 1 when | x) is the same as |x'), otherwise 0.
So (x|x')=6(x-x")



(2) How to translate (1//‘ from Dirac notation to calculus notation:
Since (v, |w,) = [dxy, (0w, (x),

<I//1 ‘ = de‘//f (x)

But since x is being integrated over, it could be named anything, so

<1//1‘ is also Jdpl//*(p) and so forth.

We can write the function ¥ in any representation, but we integrate over the full basis
for that representation.

(3) Can we similarly rewrite ‘l//) ? No.

|w) # w(x) because y(x) = (x|y).

‘l// ) by itself is the Hilbert-space object. We have no other symbol for it.



IV. Commutators and simultaneous measurements

Suppose 2 operators A and B have the same eigenstates but possibly different eigenvalues.

Vo

!
"simultaneous eigenstates”

We can express this as:

Aly)=aly)
-and- Same ‘l//)
Bly)="b|y)
We will see that then [A,B]=0. Show this:
This means measure B first, then measure A second.
[AB ] = AB ‘ W) - BA! Y > This means measure A first, then measure B second.
=Ab|y)— Baly)
:bA\ l//> — aB‘ 1//) Scalars commute.
=ba‘l//> — ab‘l//>

=(ba—ab)‘ l//> = 0, because these are just numbers.



Conclusion: if we find that 2 operators have the same eigenstates, then the order of
these operators’ measurements does not matter: one measurement does not disturb the
system for the other. Both pieces of information can be known simultaneously.
Example of operators with simultaneous eigenstates: p and H = p?/2m + V.

We can use this information to label a state.

To uniquely label a state, list the eigenvalues of all the operators that have it as their
simultaneous eigenstate.
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III. The time evolution of a quantum mechanical system



I. The General Uncertainty Principle
We must first prove the Schwarz Inequality from linear algebra:

For 2 vectors v, and v,
2

(w.lv.)-(w,lv,) 2 (v, |v.)

Proof:

Construct the linear combination ¥ =y, +cy, . ¢ 1s some constant.
Because (y|y) =y (definition of the norm)
<l// ‘ v > >0 Expand this:
<l// Lty v+ ey b> >0 The elements of the bra are understood to be complex-conjugated:

Wolw)+wolva) +c(w.lw,) +d (v, |w,) 20
Now find the value of ¢ for which the lefthand side 1s a minimum.

d

| W) e v v )+ ey, )+ e’ (v |y, ) (=0

l l { )
l//b> +C*<l//b‘l//b>:()
*__<l//a l/jb>

c = SO c=_<%) l//a>
(w,lv,) (w,|v,)

0 + O +(y,




Substitute this ¢, ¢ into the original inequality:

(w,|w,)
(v, |v,)

(w,lw,)- (w,lw,)-

Multiply both sides by (v, |w, ):

v +[(w, v, 2

J

Wlva)w v ) 20w v, ) v,

\!
l//a >* <l//b
|

v,)

J

:2 <l//b

2

_2‘<Wb l//a>
wlw )w,lv,) - (v, |v.)
v ) w, lv,)=|(w,|v.)

Now we will use this to derive the Uncertainty Principle:

2
>0

2




Consider 2 operators A and B.

Recall that their uncertainties are defined by

AA = \/ < A2> - <A>2 These are expectation values.
So (A4)"=(A’)—(A)" and (AB)’ = §32>—<B>f
\f

(wB|w)- (wBly)".

|

Notice that this can be written as: <I/JHB - <1//‘B‘l//>} l//>

(To see this, note (wi{B- (w[Bly)} w) = (w{{ B> —2B(w[Bly)+ (w[Blw) Jlw)

these are just numbers so they can come out of the inner product.

— (wB?|y)— 2(w[Blw)(w[Bly)+ (w[Blw) (wiw)
1

- (yiB*w) - (wBlv))



So (AB) = (v [{B-(v|Bly)} ).
Rename: B-<1//\B\1//> = B’
A-(y[Aly)= A
Then (AA)" (AB) =(w|A"[y){w|B"|y)
=(wlA; Aly)(y|B" Bly)
directions of operation  Let the operators be Hermitian (that is,
representing physically measureable

quantities. Recall that means A" = A, B = B.

so the one of the left can operate leftward.
=(A'y[A'y)(BY|B'Y)
Now use the Schwarz Inequality: (y/a 1//a> : <wb ‘1//,9) > Kl//b

Then (AA)' (AB)' =(A'w|A'W)(B'y|B'y)=[(A'yw|B'y)|

Wa>2'

DefineA'y =y, and B'y =y,



Now use the property of complex numbers that, if Z is complex,

Z]" =(ReZ+iImZ)(ReZ —iIlm Z)

=(ReZ)" +(ImZ)’
>(ImZ)’ :(Z;iZ* T. Replace Z— (A'w|B'y) and Z" — (B'y|A'y). Then we have
(AA)z (AB)2 2‘<A'W‘B'W>‘2 2[<A'W‘B'W>;<B'W‘A'W>j _ [<[A'2’ZB']>]

Substitute A'=A-<l// ‘ A‘ l//) etc.

These cancel in-the COmmutator.
({aB)Y
21

2
] : The generalized uncertainty relation for any 2 operators A and B.




To show an example, suppose A = x and B = p.
We can work out that [A,B]=[x,p]|=iA.
So the generalized Uncertainty Relation becomes
h
(a0 (a9)" 2 2]
21
h



II. The Energy-Time Uncertainty Principle

The goal of this section:

h
Derive AEAt > 5 (AE is the uncertainty in the energy of a system)

AND explain what "Af" means.

Note that a system does not "have a time ¢".

(In this non-relativistic treatment) so At is NOT the "uncertainty in time.")
Consider some observable whose measured value is associated with the operator Q.

We could find the expectation value of Q :

(Q)=(v|ov)
It is possible for (Q) to be time-dependent, because ¥ and Q could be.

g 40 _ 3y ).+ (y]o2
Find _<8t Ql//>+<l// £y W>+<WQ8t>

dt



Recall the time - dependent Schroedinger Equation :

éi; ‘3;"2’ VY= ih%’j
Hy
So we can replace %_l;/> — %H 1//.>
We can also use its complex conjugate a;/; ; <aé’li/ —

s0 49 L ijou)+ (v )+ L tviony)

call this <8—Q>
ot



Recall H is Hermitian, so H' = H.

Then for any wavefunction "¢",

(Holo)=(o|Hg)
H has no T because it is in the ket.

H is implicitly H " because it is in the bra.

In this case "@" = Q.
1

Rewrite, replacing — — —i.
i
d(Q) _i <(9_Q>_1
dr h<HW|QW>+ ot h<W|QHW>
_ _i 90
=—{v|HOV) h<"’|QH"’>+<a;>



Message from this: When Q # Q(¢), so aa—? =0, then <aa—?> = (0. This leaves

% oc (1// ‘[H ,Q]t//). Thus if O commutes with H, Q is conserved.
Note we can pick Q = H, not a function of time. Then we get
d(H) i
= — H.,H
o =l H]Y)
i —
dE

= 0. *Energy conservation is embedded in quantum mechanics.
5



Now derive the Energy-Time Uncertainty Principle.

Begin by recalling the generalized Uncertainty Principle:

(a4)"(AB)' > [<"’[A’B]"’>T

2i
Let A=H and B=0Q.
Since Hy = Ey, AH = AE.

Suppose Q # Q(t), so a—Q =0.

ot
This means we can replace %<I/I|[H,Q]l//> — @

dt



(AE)* (AQ)’ 2(%?%Y

h|d{Q)
(AE)(AQ) 2 5‘7
_AQ
Q)|
dt
What this means:

h
Define At = Then we get AEAt 2 5

4(Q)

dt

We can rewrite it as AQ = - At

This is the-uSual uncertainty in Q, O,- Conclude that Ar 1s the amount of time it takes for the

expectation value of Q ((Q)), to change by 1 standard deviation, o, .



II. The time evolution of a quantum mechanical system

Issues: Suppose we know ‘l//(t=0)>.
t =0 is the "time of the measurement"

How does |1// > evolve during the time that passes until the next measurement?

The answer:
|l// (t)> = exp( j|l//(t O)> where this is the specific Hamiltonian (including potential V)
that the |1// > is responding to.
Show this:
Start with the time-dependent Schroedinger Equation:
-0 0
22V iyy=int
2m dx ) ot
oy
H =ih——
v ot

So 3&_1// + — - Hy =0. We can see that the time development of y is controlled by H .
!



The reason why we cannot simply integrate this to get the exponential function is that H is an

operator, not just a number. So we proceed in the formally correct way:

We want to find an operator U(¢, ¢,) that transforms y (z,) into y(z), so w(t)=U(t, t,)y(t,).
Properties we expect U to have:

1) U=U(@) U is not a constant: otherwise it could not accommodate different times.
1) U(t,,t,) =1 That is, no time evolution implies no effect by U.

() U(,,t,)=U(t,,t))U(t,,t,)  describes the evolution of ¥ during 2 intervals: t, =, = 1,

(iv) Whatever U is, it must produce results that are consistent with the Schroedinger Equation.

-ilt-t,)H
Method: Propose U = exp{ ( hO) } then show that it works. Let 7, =0 for simplicity.
To show this, consider the operator inverse of U, which is
tH
U'= exp(+ %j

Operate with U™ from left on all terms in the Schroedinger Equation:

U B—‘i@%ﬂw} —U0=0



h )ot h
0 itH iy
—| exp| — =0 Integrate over
8t{ p( " M : )

exp(i%lj (1) — exp(iOTH)l//(O) =0
—
1

. y

exp ’7)1//@)— w(0)=0 Multiply on the left with exp( ’;LH )
—itH tH —itH

exp ’h )exp(%)w(t)— exp(%)y/(O) 0

—itH
h

¥
1
W) = exp( )w(c)) =0



Facts about this result:
1. The Hamiltonian causes the system to develop in time.

2. We can expand the exponent to see that this U satisfies the requirements (1)-(iv):

(—itH ) itH 1 ( itH jz
exp| — |=1l—-——+—| — | —....
i A/

To actually calculate a w(¢), we have to make this expansion.
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I. The one-dimensional harmonic oscillator
II. Solving the simple harmonic oscillator using power series



I. The one-dimensional harmonic oscillator

Consider a potential of the form V = kx?/2.

Potential energy
of form Energy

Internuclear separation X

Why we care about it:

(1) it describes several real physical systems including excited nuclei, solids, and
molecules. It will be generalized in field theory to describe creation and
annihilation of particles.

(2) 1t approximates any potential for small deviations from equilibrium. To see
this, Taylor expand an arbitrary V(x) about its equilibrium point x,,:



dv 1 d*V )
Vix))=V(x,)+—| (x—x,)+— X—X,) + ...
(x)=V(x,) o ( 0) >l 72 x( 0)

Xo
\T ) ) 1 5 .
his looks like Ekx if we

equate k = >

and x, =0.
ax” )|

d—V=O at x = x,

dx

Since x, 1s the minimum of the parabola, if

V(x,)#0, it is just a redefinition of the scale.



II. Solving the simple harmonic oscillator using power series

-iEt/h

We want to find y(x,7) = u(x)e where u(x) 1s the solution to the time-independent

Schroedinger Equation:

A QPu(x) 1
+ —kx*u(x) = Eu(x
2m ox® 2 (x) ()
d’ 2 1
ux) | T(E——kxz)u(x) =0
dx h 2
Define:
k , k
®=,|— SO M =—
m m
h 2
E= o sox” = he”
h ma

du dudé du mow
dce dEdx dEN h

du d|du [mw _\/@dzudaj_mwdzu
dx2_dx[d§ h } hodE*dx  h dE
2F
)

Also define: €=



Plug these into the Schroedinger Equation:

mo d’u 2mE 2m 1 RS hi
+ —k =0 Multiply th h by —:

node ( P w2 ma)j PP RS OY e

d’u h 2mE  h 2m] h&

-+ ; ——k =0

dé mw h mw h~ 2 mo

d’u

d—€2+(8—§2)u20

To solve this we will make the usual requirements that "y" (here u) and 0y / dx (here du/dx) are
finite, single-valued, and continuous everywhere.

We need to take special care that ¥ remains finite as x — c. (It does not happen automatically

as in the square well for which y(x — ) ~ ™)) To develop a u that we are sure is finite as

x — oo, first find u_ = u(x — o0). Then make sure that the full u(x < o) converges to it for large x.
(1) Find u_ = u(x — o) = u(& >>0)

Note that since € is a function of x but is dimensionless, and € is not a function of x but is

dimensionless, foru_, & >> €.



d2
Begin with d—; + (e -& )u =0. If £ >> g, approximate this as:

d’u 5
=——cu_,=0

The solution to this 1s

2 2
u_o< Ae™*? + Bet

2

oo

on this solution.

Small terms are neglected. We can see what they are by taking —
X

To ensure that #_ remains finite as x — oo
& e
set B=0.

(2) Now guess thatu, . =u_-h(&)=e* " h(€)

2
, u
where these are the exact solution to = + (g _ & )u =0

Substitute u, .. =u_-h(E)=e 2 h(E) here:



d —E2/2 -£°/2

e ) R Gt R GR

d /28}1 5—2/2 2\ —£%/2 _
dg{é a§+h-(—2)5e5 }u(e—g Je= 2 n(&)=0

8—52/2@4_ . —éj /2 oh

‘S —£%/2 2\ —£%/2 _
e3¢ P 85[/155 [+(e=&7)e " m& =0

_6 /2 g; 5652/23_2_{}15(_2)5852/2 —5 /2(}1 5 gﬂ (8—52)6_52/2-h(§)=0

Cancel all the exponentials to get :

dh . oh
S ge e - % (e=&%)n=0
%—25—5( 1)h =0 "Eq 1"

To solve this differential equation, use the most general solution technique possible :

Assume h(&) = Zalfl =a,+aé+a’+..

=0



Take derivatives:

oh _ Zlalél_l =1la, +2a,E+3a,&* + ...
& I

Zh oo
=2

Substitute these into Equation 1:
1-2a,+2-3a,6+3-4a,E +4-5a.8 + ...

~2-1a€, -2 -2a,E* —2-3a,& — ...
+(e-1)a,+(e-1)aé+(e-1)a,E +(e-1)a,E’+..=0

This must be true for all values of &, which is all values of x, so the coefficients of each power of

& must individually cancel. Gather the coefficients together and equate them to O:



Coefficient of

g 1-2a,+(e-1)a,=0
- 2-3a,+(e=1-2-1)q, =0
- 3-4a,+(e-1-2-2)a, =0
- 4-5a,+(e-1-2-3)a, =0
&' (I+1)(1+2)a,,, +(e-1-2-1)a, =0
Conclude
_—(e-1-2-1)q,

The recursion relation for the coefficients

Y T (1 +2)

This relates a,, a,, a,, ... t0 a,
and a,, as, a,, ... 10 q
a, and a, are NOT specified by this, which is reasonable because the original equation ("Eq 1")

is second order, so we expect 2 constants of integration requiring 2 initial conditions.



h(S) = a0£1+ &52 + ﬂ&é% + ]"‘ a{é + &53 + &&55 + J [using the form @]
ay

a, d a a; 4 a
Recall u(&)=u_ - h(&).
We already required that u_ remain finite for x — co. Now we must guarantee the same about /(¢).

How does h(¢ — o) look?

2 4 6
Consider a general function exp(vz) =1+ o + % + u +

o : a .
Notice this has the same form as the a, series or — series of 4(&).

So h(’é - 00) ~ exp(gz) — oo

Sou(x = eo)=u_-h(&)
= exp[% exp(éz)

+§2

:expﬁT —> oo as x — oo

So this 4(&) is not completely acceptable.



Procedure to force h($) to be finite as x — oo
Find a way to truncate the series behavior of h(&) so that beyond some point "i", all a; =0.

Then the highest power of the h(&) series will be finite (even if it is, for example, as high as

E1%%%0) which will be dominated by the e* /> as € — 0.  Procedure :

(1) Set either a, or a, =0 (but not both).

(2) Then sete=2n+1, wheren=1, 3,5, ...ifa, =0
orn=0,2,4, ..ifa =0

Notice how this affects the a. :

—(e-1-2-1)
(+D)(1+2)

Recall in general g, , =

So when we carry out (1) and (2), then for I =n, we get

. (2n+1-1-2n)a _0
" () (n+2) "

So although the a,(fori <a_,,) are non - zero, a a .=0

n+2 n+4° “n+6> °°

AND the a, in the other part of the series (based on a, versus a,) are ALL 0.



Our choice of "n" during the truncation process specifies a particular polynomial "H "

(meaning, "h" truncated so that a_ is the largest non-zero coefficient).
This is a Hermite polynomial of order n.

The H, have been tabulated for many values of n. The choices made for a, and a, give

Then u, (&)= AeS" - 1, (€)

Each H (indexed by n) gives a different eigenfunction of the harmonic oscillator.
Since the harmonic oscillator restricts the region in which a particle can be (that is, it

traps particles), we expect it to produce energy quantization.



The allowed (quantized) energy values are given by

e=2n+1
2FE
—=2n+1
how

E:(n+%jha) forn=0,1, 2, ...

Recall this w = \/E
m

k 1s determined by the
shape of the potential.

m 1S the mass of the bound
particle.
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I. Facts about the eigenvalues and eigenfunctions of the harmonic oscillator

(1) They are evenly spaced.
1 1
Thatis, E,,, — E; :(j+1+5)ha)—(j+5jhw:ha)

This is a constant separation that depends only on w o< k and m, not on the particular £.

Potential energy
of form Energy

1 2
EkX ? Transition
\ : energy /
n=4  § ”/
: Th(n /
n=3 ]
:

t / Enz(n+%)hm
't/

nN=
n 1
- =—Hh
”Wo 5 (3
X

Internuclear separation

This kind of constant separation of levels can actually be observed in spectra from
excited molecules. This is why those spectra are inferred to arise from vibration, that s,
simple harmonic motion.



iy E. =g =19

min imum 2
A particle trapped in a simple harmonic oscillator potential CANNOT have O energy.

h / k
It can have at minimum E = A\ called the "zero-point energy."
m

This is important because:
2

1
(1) Itis related to the Uncertainty Principle. Since E = PE + KE = P, Ekxz,

2m
0 energy could only occur if x =0 and p = 0 simultaneously.

(2) It explains why it is experimentally impossible to lower the temperature to absolute zero.
(3) Zero-point energy is a property of ALL potentials (but has a specific formula for each,

T’ h?
2

for example for the infinite square well of width "a", E_. = 5
ma

ho .
(4) The existence of zero-point energy taking the form Y has been experimentally verified

(Milliken 1924, Nobel 1966)-that is, it is not an unobservable change of scale. It was observed

in spectra of vibrating molecules of different isotopes.



(i11) Each eigenfunction has a unique eigenvalue, that is, there is no degeneracy for this
potential.

(iv) Notice this 1s another example of a symmetric potential producing states of definite
parity.

States with n odd have odd parity.
States with n even have even parity.



II. More about the Hermite polynomials

(1) They are actually defined by the equation

H,(§)=(-1)"e"* 7 ( 52):e+52/2(‘§_i]neé2/z

o¢" oS
(2) Useful relationships between different orders of them are
LA
a) ———==2nH
@ — i ()

(b) 28H,(&)=H,,(E)+2nH,_ (&)
(3) They are orthogonal: Specifically,

[ dgt, (@, (e =x2nis,,

This leads to the u (f) being truly orthonormal:

Jdgu, (&)u, ()=8,



III. Ladder operators

Recall the time-independent Schroedinger Equation for the harmonic oscillator:
-h’ 1,
—u(x)+—kx"u(x)= Eu(x)
2m 2
0

Substitute =—ih—
Por 0x

2
pop 1 2
u(x)+—kx  u(x)= Eu(x
o (x) > KXoy ( ) (x)
1
Hu(x)
2
1
That is, H = p0p+—kx§
om 2 7
/k
Recall w =, |—
m
2
1
H=Lo  pmy




Define 2 operators:

mw ip _ Pop ¥ ma ip op

a= anda' =,|—x ——2—
\/ 2h 7 \2mhw

Notice the commutation property of @ and a' :

t nmw Doy N LLON Doy
(a.a’|=|| \| 7%, + === || d' = —Z
2h 2mh 2h 2mh@

_ mo mao mae | |

= [ l ] \/7 [ ] 7 MLX}B] > mho [Pip]
0 (—ih) (+ih) 0

[a,aq =1.
aa' —a'a=1
Soaa" =1+a'a and a'a=aa" -1
We can invert these to get
X, = a;n;i) and P, = —i\/@ (a - aT) [Now drop the "op" subscripts.]

h



NoticeH:p—2+lma)2x2:L—i hmw(a—aT)'—i hmw(a—aT)+lma)2(a+aT)(a+aT)
2m 2 om N2 \ 2 2 2mo

h
ho hw
- a2—ab—aa*+a“]+—[a2+a*a+aa‘”+a”]
4 4
ho
= — CZTCZ-I—CZCZT:I
4
Useaa =a'a+1
ho -
= — aTa+aTa+1]
4 |
ho -
= — 2aTa+1:|
2 L

o
H,, = ha)[a a+5}

We can get the eigenvalues and eigenfunctions of H if we can get them for the compound

operator a'a.

Our strategy: first understand the separate effects of @ and a’, then combine them.



To do this we need 3 things:

(1) [H,a] = [hw(a*a + %) ,a} = ha)[a?a,a] + hTw[ilﬂ
0
:hw(aTaa — aaTa)
Useaa'=1+d'a
= ha)(aTaa — (1 + aTa)a,)
= ha)(aTaa —a-— aTaa)
|H,a|=-hwa
(2) Similarly, | /.,a" |=+hod’
(3) Suppose that we already know the eigenvalues E, and eigenvectors ‘E,> of H.

(That is, suppose we go them by applying a series solution to Hu = Eu.) Use these to find the

behavior of operator a.



Outline

I. The behavior of ladder operator a
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III. The Number Operator



I. The behavior of ladder operator a
To see what operator a does, begin with:
|H ,a]|=-hwa Expand the commutator:
Ha -aH = -hwa Operate on the eigenvectors |E):
Ha|E)-aH|E)=—-hwa|E)

R

E|E)
Ha|E)-aE|E)=—hwa|E)
Ha|E)=(E - hw)alE)
What this means: If |E) is an eigenvector of H with eigenvalue E, then "a|E)"
is ALSO an eigenvector of H, but it has eigenvalue (E — ha)).
So we discover that the following happens when we apply Ha \ E > :
First the "a" operates on |E) and lowers its eigenvalue from E to (E — ho).
Another way to write this is to say:
a|E)=c|E - ho)

Unspecified normalization

Then the H operates on the result, called "a \ E ) ", and extracts the eigenvalue of

that new state, E - ho.



a lowering operator

For this reason, a is called < a step-down operator

|an annihilation operator

Repeated applications of "a" keep lowering the states' energy by 7@ each time, so
a|E) ~ | E - ho)

aa\E) ~ \E — 2ha)>

aaa|E) ~|E—3h®w)  and so forth.

But eventually \E ) reaches the ground state , beyond which its energy cannot be lowered.

VT

\J
call this |u,)

How do we know this?
(1) We know that physically a simple harmonic oscillator has a lowest energy state.

Its energy cannot be decreased to -co.



(2) Mathematically we see that

)= (v[ 2+ 5w )=l v vl )

2m 2

Both of these have the general form:

(w|0*|y)=(v|00|y) <Q l//‘Ql//> But x, p are both Hermitian:
1

<Ql// ‘ Qv > > (0 1inner product.
So <l//‘ H ‘ l//> = FE >20. E cannot be reduced below 0.
Because mathematically the a is structured so that it could lower E indefinitely,

we must impose a physical constraint:

Demand: there exists a ‘u0> (that 1s, a minimum energy state) whose property is
a ‘ u0> =0.
Find out what is the energy of ‘u0> :

ho ho
H‘u0> (ha)a a+7)‘u0> ha)aTa‘u0> 5 ‘u0>
A

0

ho h
So H ‘ u0> 5 ‘u0> The zero-point energy of the harmonic oscillator is 760



II. The behavior of operator a’

Recall [H,a*] = hwa'. Expand:
Ha' —a'H =hwa'. Operate on |u, ), the minimum energy state:
HaT‘u0> —a’ H‘u0> = ha)aT‘u0>
2

hw
We just showed that this yields 7\ i)

HaT‘u())—aThTw‘uO):ha)a*‘u()). Rewrite:

HaT‘u()) = (ha)+h7w)awuo>

ho
We see that " applied to ‘u0> converts ‘u0> into a new state with (higher) energy 7@ + B

We call this new state ‘u1>, the first excited state of the simple harmonic oscillator.
So aT‘uO> = c‘u1>.
Unspecified normalization
raising
Because of this behavior we call a” the { step-up  operator.

creation



Repeated actions of @' raise the E forever.
So aT‘u0>=‘u1>:>HaT‘u0>=(1+%jha)‘ul>

aTaT‘u()) = (aT)z‘u()) = ‘u2> = H(aT)z‘u0> = (2+%jhw‘u2>

(@)

u >:H(aT)n

n

u,)

o) =

This 1s the eigenvalue form we found for E using the series
method too.
The a and a' are together called the "ladder operators" because the energy levels of the simple
harmonic oscillator, being evenly spaced, can be represented by a ladder:

and the a” and a move the system up and down between them.

Potential energy
of form Energy

%kxz ? Transition
\ X energy /
n=4 : .'I
n=3\\ : ?f'” //En =(n+ %)h(l)
n=2 1 ?
n=1 :
n=0 Ey= %ﬁ(ﬁ

Internuclear separation X



III. The Number Operator

1
Recall that H ,, = ha)(cﬂa + 5)

The combination "a’a" is called the Number Operator

To see what it does, recall we have found that

H(a") |u,)= (n+%)hw u,)= \(n+%)haf(a*)n

Vo

Uy )

N N

vof o ) )= 1 )y

Uy )

These terms are the same except for the "a’a" and the "n".

T

We see that the operator a'a is extracting from the state the value n which is the

N

(number of the energy level

1—OF — (-

| number of energy quanta the state possesses |

Sowecalla'a="N" The Number Operator



What N does:

(a)
Unspecified normalization

N(a*)n u0> = nc‘un> = n(aT)n u0>

So ‘un> is the eigenstate that corresponds to the eigenvalue n of the number operator N.

)= ¢

We are now working in "number space."
Normalize the ‘un> ;
First notice how the ‘un> are related among themselves:

(CZT)H I/l0> =C, I/ln>

By the form of this equation, ¢, =1.

(That is, (aT)O |1y ) = ¢, |y

—

|

Now insist that the ‘un> be normalized. Take the inner product of each side with itself:
(0 o )= e G
%/_J

Insist that this = 1.

c

n




Move the (ar,T )n from the bra to the ket. In the bra it implicitly has an additional "*" that

we must show explicitly in the ket:

([ () ] (@) )

To evaluate this, notice:
ofa’) =aa (a')" =(1+da)(a) " =() " +a'ala’)”

But (aT)T =da.

a’ (aT)n u0>=cn2 "Eq. 1"

%f_/

By comparing these two terms, we see they differ by n — n-1. This is a recursion relation.

=(ClT)n_1 + ClT |:(aT)n_2 + aTa(aT)n_z}
[( ) va'ala’)” |



Apply all this to |1, ).

a(af)n|u0> = n(aT)n_l|u0>+(aT)nM
0

So we know that

o) |us)=n(a’)uy).

Develop a recursion relation from this.
a’ (aT)n |u0> = aa(cf)n_1 |u0> = an(a*)n_1 |u0> = na(cf)n_1 |u0> =n(n- 1)(af)n_2 |u0>

a3(aT)n|u0> =n(n-1)(n- 2)(a*)n_3|u0>

a” (af)n u0> = |cn|2

a" (aT)n |y ) =n!u,) Apply this to Eq. 1, which was <u0



2

C

<I/l0 n

<u0‘n!‘u0>=

e~ |* =

a" (aT)n u0> =

2

C

n

2

Cn

Soc, = Jn!
u,)=(a")

g )

Cc

n

These are the normalized eigenstates of the Number Operator.



